
 
Polynomials

let R be a ring The sum

f aux an x t ta X tao w h 20

is called a polynomial with coefficients ai in R
If an 1 0 the degree of f is h and the leading
coefficient is an

If R contains 1 f is mon ic if an _1

Def The set of all suchpolynomials is called thering ot
polynomials in one variable over R It's denoted RED
That is Rfx anxht tao1h20 ai c R

The operations are the familiar operations from a highschool
algebra class

ao ta Xt bio b Xt aotbo t a b x t

To multiply we first define axi bit ab xitt Then

a ta X t bot B X t Aobot aob ta b xtfaobztaibita.bax't

In general the coefficient of xk in the product is aibki

With these definitions it's easy to check RCx is in fact a ring

Remark Usually the case we'll care about will be when R



has 1 and is commutative In this case RCD is also
commutative with 1

Note that RE RCN In fact since R is already a ring
it's a subring of RCD

Ex let 12 7 22 Then all coefficients in RED can be

written as 0 or I So

x 1
2 72 2 1 x Z t l

i e in 7 22 Htt is a perfect square even though
it's net a perfect square in 7 x

However if f x lower degterms glad Xm lower degreeterms

then fgCx Xhtm lowerdegree terms i e in TheEx
deg Ig degf degg In fact this is true over any
integral domain

Them let R be an integral domain and p x glx cRGT
nonzero Then

1 degree p x qCx degreep x degreeqCx

2 units of RED units of R

3 RED is an integral domain



PI We can write p x ax lowerterms q x bxmtlowerterms
where a 1 0 b 1 0 Then degp h degof m

p x q x abxhtmllower degterms Since R is an

integral domain ab 0 so deg pq mtn and

p x q x f 0 which proves l and 3

2 If a c R is a unit in R then it's a unit in RGT
so R C RCx

If b c RED is a unit then F c c RAT set bc L

Thus deg bc 0 so b c both have deg O Thus bCER

So b e R

Ex If SER is a subring then SEDEREx is a

subring

Ed let RCx be the set of polynomials where only
even powers of appear Then RGT is a subring
of RCD

We'll discuss more about polynomial rings later


